Abstract. Examples of knots and links distinguished by the total rank of their Khovanov homology but sharing the same two-fold branched cover are given. As a result, Khovanov homology does not yield an invariant of two-fold branched covers.
Mutation provides an easy method for producing distinct knots sharing a common two-fold branched cover: the mutation in the branch set corresponds to a trivial surgery in the cover. Due to a result of Wehrli [17, 18] (see also Bloom [2] ), this provides a range of examples of manifolds that branch cover S 3 in more than one way, but for which the distinct branch sets have identical rank in their respective Khovanov homology groups over F = Z/2Z.
From this point of view this fact is not completely surprising, as Khovanov homology is closely related to the Heegaard-Floer homology of two-fold branched covers [12] . Indeed, this is made precise in Bloom's proof of mutation invariance [2] . More generally however, the following question has been posed by Ozsváth [6] : is Khovanov homology an invariant of the two-fold branched cover? To be precise, this question asks if the total rank of the reduced Khovanov homology (over F) might be an invariant of two-fold branched covers. This arises naturally in relation to the open problem of extending Khovanov's invariant to manifolds other than S 3 [6, 11] .
This short note gives a negative answer.
Theorem. The total rank of Khovanov homology is not an invariant of two-fold branched covers.
This theorem is proved by example: we construct manifolds that are two-fold branched covers of S 3 in two different ways, and for which the pair of branch sets is distinguished by the total rank in Khovanov homology. We work with the reduced version of Khovanov homology, denoted Kh, with F coefficients [4, 5] .
Surgery on torus knots. Let S 3 r/s (K) denote the result of r s -framed surgery on a knot K ֒→ S 3 , and let T p,q denote the positive (p, q) torus knot in S 3 (with 0 < p < q). Note that, as we will only consider torus knots, p and q are relatively prime. The following is due to Moser [10] :
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for a given slope α = rµ + sλ, where µ is the knot meridian and λ is the preferred longitude. As the complement of a regular fibre of a Seifert fibration of S 3 , M is Seifert fibered with base orbifold D 2 (p, q). Let ϕ denote a regular fibre in ∂M ; it is well known that ϕ = pqµ + λ (see Moser [10] , for example). Now M (α) is Seifert fibered with base orbifold S 2 (p, q, ∆(α, ϕ)) whenever α = ϕ, according Heil [3] (see also Moser [10] ). Here, ∆(α, ϕ) measures the distance (i.e. the minimal geometric intersection number) between slopes the α and ϕ in ∂M .
In the present setting, α = ±µ + nλ for n > 0 so that
The following is due to Seifert [15] :
) for n > 0 and odd q > 1.
Proof. The manifold Σ(S 3 , T q,2qn∓1 ) is the Brieskorn sphere Σ(2, q, 2qn ∓ 1); this manifold is Seifert fibered with base orbifold S 2 (2, q, 2qn ∓ 1) [7, Lemma 1.1] (see also Seifert [15, Zusatz zu Satz 17]). Since there is a unique Z-homology sphere, for each n > 0 and odd q > 1, admitting a Seifert fibered structure with base orbifold S 2 (2, q, 2qn ∓ 1) (see Scott [14] , for example), the result follows.
Montesinos involutions. By a result of Schreier, the knot T p,q is strongly invertible [13] . As such, it is possible to realize the manifold S 3 r/s (T p,q ) as a two-fold branched cover via the Montesinos trick [9] . We will adhere to the notation introduced in [16, Section 3] in constructing the relevant branch sets.
In the interest of being explicit, consider the cinqfoil K = T 2,5 (the knot 5 1 ). A strong inversion on this knot is exhibited in Figure 1 , together with an illustration of the process of obtaining a tangle with the property that S 3 ν(K) ∼ = Σ(B 3 , τ ). That is, the complement of K may be realized as the two-fold branched cover of a tangle T = (B 3 , τ ), where τ is the image of the fixed point set in the quotient.
Note that such tangles are considered up to homeomorphism of the pair (B 3 , τ ) that need not fix the boundary in general. As a result, we may fix a preferred representative of such a tangle with the properties that ∼ = Figure 1 . A strong inversion on the cinqfoil (left); isotopy of a fundamental domain (centre); and two representatives of the associated quotient tangle (right). Notice that the Seifert fibre structure on the knot complement is reflected in the sum of rational tangles of the associated quotient tangle.
(1) the denominator closure of the tangle, denoted τ ( 1 0 ), is unknotted and corresponds to a branch set for the trivial surgery, and (2) the numerator closure, denoted τ (0), gives a branch set for the zero surgery:
This representative is illustrated in Figure 2 . Note that it suffices to verify that det(τ (0)) = 0 to see that this is the appropriate framing on the tangle: this ensures that Σ(S 3 , τ (0)) has positive first Betti number.
More generally, we have that S 3 r/s (K) ∼ = Σ(S 3 , τ ( r s )), where τ ( r s ) is the link obtained by attaching an appropriate rational tangle. Note that the branch sets τ (n) associated to integer surgeries are obtained by adding n half-twists (lifting to meridional Dehn twists in the cover). We illustrate τ (±1) and τ (± 2 ) in Figure 2 , and refer the reader to [16, Section 3] for details.
We point to Montesinos' notes for a detailed discussion on Seifert fibered spaces as two-fold branched covers of S 3 in general [8] . Proof of the Theorem. Continuing with K = T 2,5 , by the observations above pertaining to the Seifert and Montesinos involutions we have that
n )) for n > 0. When n = 1, using the program JavaKh Each of these four pairs of examples illustrates a given manifold as a two-fold branched cover of S 3 in two different ways, with branch sets distinguished by the total rank of the reduced Khovanov homology. This proves the claim: rk Kh is not an invariant of two-fold branched covers.
Further remarks. We continue with the above notation for the tangle associated to the cinqfoil.
Sketch of proof. Noting first that rk Kh(τ (±1)) = 16∓1, and calculating that rk Kh(τ (0)) = 16, the result follows by induction on n: applying the long exact sequence for Khovanov homology we have that rk Kh(τ ( While calculations of Khovanov homology for large torus knots are difficult to obtain, the existing calculations suggest that rk Kh(T p,q ) grows at least linearly in q. In particular, it seems reasonable to guess that surgery on the cinqfoil provides an infinite family of examples proving the Theorem.
More generally, it would be interesting to understand the behaviour of the Khovanov homology for branch sets associated to 1 n -framed surgery on the torus knots T 2,q for q ≥ 5.
